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New Effect for Detecting Gravitational Waves by
Amplification with Electromagnetic Radiation
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The perturbation of Dirac particles moving in a constant magnetic field is calculated
for simultaneously incident parallel monochromatic circular polarized electromagnetic
and gravitational waves. Resonances are found which depend on the initial energy of
the charged particles, the magnetic field, and the frequencies of the incident waves.
A suited choice of these parameters allows the selection of only one resonance that
is proportional to the product of the squares of the amplitudes of both waves. This
effect is valid for all bound systems of Dirac particles interacting simultaneously with
electromagnetic and gravitational waves. At least in principle this resonance effect can
be used to detect the gravitational waves in the lab. For regions of the universe with
strong electromagnetic and gravitational waves and suited magnetic fields this effect
may play another important part for the acceleration of charged particles.

1. INTRODUCTION

To search for gravitational waves in lab classical or guantum mechanical de-
tectors can be used. Despite the experiments of Weber (1960, 1969) and many
others (Abramovicet al, 1992; Abramovicket al, 1996; Braginskigt al,, 1972;
Dreveret al, 1973; Levine and Garwin, 1973; Maischbergeal, 1991; Tyson,
1973) and the theoretical calculations and estimations (Braginskij and Rudenko,
1970; Harryet al, 1996; Schutz, 1997) gravitational waves have never been ob-
served directly in lab. The reason for the difficulties of detecting gravitational
waves is the small cross section of matter with gravitational waves which come
from possible sources (Schutz, 1997) to us. The proposed or running experi-
ments (Babusaét al,, 1997; Caldwelkt al, 1999; Schnieet al., 1997; Shaddock
et al, 1998) try to avoid these difficulties by increasing the dimensions of the
detectors. This way not only the effect of the gravitational waves is enlarged but
expenses too.
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The motivation of this work was the search for a method to amplify the
gravitational wave without amplifying competing phenomena. It seemed to be
promising to look for a possibility to enlarge the effect of the gravitational waves
on the detector at the “location” of the interaction of the gravitational radiation
with the matter.

This paper is not intended to be an instruction for the construction of a grav-
itational wave detector. Rather it should demonstrate a “nihil obstat” to a method
of gravitational wave detection that is different in principle.

2. GENERAL APPROACH
2.1. The ldea

We consider the well known bound system of a charged particle moving
in a constant magnetic field. From Macedo and Nelson (1990) we know that
perturbation of this system by gravitational waves causes resonance effects. On
the other hand the structure of the general relativistic Dirac equation shows mixed
terms of gravitational and electromagnetic fields. Therefore, the idea is to perturb a
bound system by a gravitatioreshdan electromagnetic wave at the same time with
the ulterior motive to get a multiplicative selectable reaction of the bound system.

We exemplify first this idea in detail by considering an electron moving in a
homogeneous constant magnetic fielattrdirection which interacts with circular
polarized monochromatic gravitational and electromagnetic waves propagating
parallel to the magnetic field ix® direction. In the last sections we give a hint on
the generalization to other bound systems.

2.2. Quantum Mechanical Formulation

In the linearized approximation to general relativity (Landau and Lifschitz,
1966; Misneret al., 1973) for weak gravitational fields the metric tensor can be
written

Qv = Npv + €pvs |€/w| <1 (21)
with
1 0
-1
Ny = -1 (22)
0 -1

(greek indices take the values 0, 1, 2, 3). By imposing the condition

1
n“f <€ow - —nam“m) =0 (2.3)
2 6
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(A, denotes the partial derivation #fwith respect tax), the vacuum field equa-
tions are reduced to normal wave equations forethe

naﬁéﬂv‘a‘ﬁ = 0 (24)

Solutions of (2.4) are, for example, monochromatic circular polarized waves
(TT-gauge) inx* direction (according to the linearized approximation we neglect
terms ofe2 and higher in the following)

€22 = € cosk(x® — x1) + «]

_6
T2

€23 = +e sin[k(x® — x*) + «]

[e| KOC—xDHa e*ik(Xofxl)*i“] , (2.5a)

_ i%[eik(xo_xl)+ia _ e—ik(XO—Xl)_ia], (25b)

(+/— left/right polarizationg arbitrary constant phase). With

wG
k=— 2.
- (2.6)

(ws frequency of the wave).
The relativistic covariant Maxwell equations for the electromagnetic field
F#v are (Adleret al,, 1965; Landau and Lifschitz, 1966)

1
V=9
F[;wlk] = Fuvia + F)\,ulv + kalu, =0 (27b)

Hv —
F% =

(V=gF™), =, (2.72)

(s* four-current densityg = det g,,,, A, denotes covariant derivation éfwith
respect ta). Without charges and currerg$ = 0 and (2.7a) results to

1
——(+/—gF*") =0 (2.8)
H( )|v
while (2.7b) is unchanged.

The electromagnetic vector potentiat is correlated to the electromagnetic
field tensorF#v

Foo = Aup — Ay (2.9)

For the following calculations we need the vector potential of a circular polarized
monochromatic electromagnetic wave propagatingirdirection in linearized
approximation. For the metric (2.5) the potential has the same form as in flat space
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and can be written
A, = A coslK (x° — x) + 8]

_ g[eiK(XU_xl).t,_iﬁ _’_eiK(XO—Xl)—i,B], (210&)

Az = £A sin[K(x° — x1) + A]

A

— :l_:_[eiK(Xofxl)Jriﬁ _ efiK(xofxl)fi/S] (2 lOb)
2i ' :
Ap=A =0 (2.10c)
and corresponding
A% =g A, = (—1— e22) Ao — e23hs, (2.11a)
A =g¥ A, = —ehr— (1—en)As (2.11b)

(4/— left/right polarized 8 arbitrary phase).

Additionally we need the vector potentid, for a constant homogeneous
magnetic field irk* direction which also has the same form as in flat space for the
metric (2.5)

H H
A, = (o, 052 —Ey>. (2.12)

This A, is Lorentz gauged.
The generalized relativistic Dirac equation (Brill and Wheeler, 1957) is

iy, — h—‘e(:yMAH\p - %’\y —0, (2.13)

where the generalized Dirac matrices are calculated according to
y" = higy®@ (2.14)

from the standard matriced") and the tetradbé‘v) which are defined by the metric
0. Of the gravitational field

Nuehueyn®® = guu, (2.15a)

hu@his) = Nwp) = 1 (2.15b)
0 ~1

(indices in parenthesis are tetrad indices).
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In order to solve Eq. (2.13) for the metric (2.5), the magnetic field (2.12) and
the electromagnetic wave (2.10) we assume weak gravitational and electromag-
netic waves which perturb the charged particle moving in the constant homoge-
neous magnetic field.

Therefore according to the perturbation theory (Sokolov and Ternov, 1968)
we write (2.13) in the form

9
ihc——-95-0)¥ =0 2.16
(| CBXO 9 ) ( )

where the unperturbed time independent Hamilton operatis defined with
respect to (2.14) and (2.15) as

. LD H H

and the perturbation operat@ris written as

1 ol 0 0 0
O =—hey@lieny® — +ieny®— +ieny®— —ieny®—
Sney 227" s + l€ezsy 2 + lezsy P 22V 53

eH eH
%) 3) @) (3
J— _Z _ —
ohe (622)/ + €23y ) + thy(ezs)/ €22y )

e
- H‘,[(Z + €22)y DAz + €23y Ap + €23y P Ag

+(2- 622)V(3)A3]} : (2.18)

H includes the influence of the magnetic field to the Dirac particle€@anepresents
the influence of the gravitational and electromagnetic wave fields.
First we have to look for the exact solutiop®of the unperturbed system

0
ihc— — =0 2.19
(| o sa) 0 (2.19)
with the eigenfunctions
En><O —
@ = e e gn(r). (2.20)

The time independent, (n is a place holder for all guantum numbers) satisfy the
eigenvalue equation

(En—9)¢n =0 (2.21)

and are to satisfy the orthonormality conditions

f ol on d3X = 8y n. (2.22)
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The solution of thel of the Dirac equation (2.16) can be developed from the
complete function systeip according to

w =Y (x9) e F () (2.23)

where|c,(x%)|? is the probability to find the Dirac particle at timen staten, if
we assume the same normalization as in (2.22)

/\w\y dx=1 = Y |jalf=1 (2.24)
n

Inserting (2.23) in (2.16), multiplying witke E;;;fofpl/(F) and integration over the

whole space results with respect to (2.22) in

Enx0

ne” o (F). (2.25)

L0 o B¢ i
|hcmcnf(x°)=/d3x ol (F) e ZOcn(xO) e
n

To solve (2.25) we use the well known iterative solution procedure. For this purpose
we prepare the system thattat 0 the system is in staig> and all other states
|f> are not occupied:

0 =1, c(0)=0. (2.26)

Assuming that the perturbatidd is small we can set in the first iteration step on
the right side of (2.25)

G(t) =¢(0)=1,; (2.27)
then we get in first approximation for the solution of (2.25)
i XO . EfXO . Eixo
c(x%) = —h—C/ /d3x dx0 € e ol (F)O & e ¢i(F) (2.28)
0
and the transition probabilitys; per time unit from staté> to state| f> is
]' k
Wy = CF(Cf Cr)- (2.29)
This perturbation calculation of first order breaks down if the perturbation is too

big or the time period of the perturbation is too long for the assumption (2.27) to
be valid.

3. CALCULATION OF THE EFFECT

The exact solution of the unperturbed Dirac equation (2.19) wtlof
(2.17) is (for another choice of the standard Dirac matrigéd see Sokolov
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and Ternov, 1968)

it o1

_i X 1 1 _u
Pppnme =Ce n e huPHz ez
—A

. dF . :
x LinHz [aF +2u E} gt~z + F e 'dx

SR P

(3.1a)

where we have introduced the following abbreviations (the coordinate system may
be chosen so thatH > 0)

eH
H = R, (323)
u=Hr? (3.2b)

- y
— 2 2 —
r=vy*+ 2, X = arcsmm, (3.2¢)

_ph+t K (po + meC)

A , (3.2d)
pg — méc? — pj
Po — MeC + P1K
B=——F—. (3.2e)
P — méc? — pj
1 3
=4,4+-,..., 3.2f
m > 5 (3.2f)
1 1 .
a=3 +|m|F > m upper/lower sign fom 2 0 (3.29)
1
b=|mlF > upper/lower sign fom 2 0 (3.2h)
1
= z, 3.2i
c=m+ 5 (3.2i)
1
d=m-, 3.2j
m-3 (3.2))
F =1Fi(—n, 1+ b,u), Laguerre polynomials (Abramowitz
and Stegun, 1968) (3.2k)

E Po 1 P1
" _ 4y b 24 M - 21
= = \/H<n~|—2a>+u+ 7 (3.21)
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C is a normalization constant which takes the value
I'A+b+n
C = {271 L % [

NI»—‘

(A% + B)(pé — 1*h —pl)+K2+1]} (3.3)

if we integrate over a volume with lengthin x* direction. Taking into account
that the wave functiong are eigenfunctions of the following operators which
commute with the Hamilton operator

(a) momentum operator it direction

—Ih l§0E = Px¥E, (3-4)

(b) x* component of angular momentum

h | | h
= - _ _.,,@,,03
Lxpe = [| <yaz 8y)+|2y Y }

1 1

= hmgg, m::té,:lzé,... (3.5)
(c) operator of spin projection in the direction of propagation
Mee = 0" Pjpe = hKogpe, ¢ = +£1, (3.6)
with the kinetic energy
P
hcKg = P 2, (3.7)
and
—)/(2)3/(3)
o= 0,0 |, (3.8)
_y(l)y(2)
and
|hd‘)’(1
Py=| -hme +%2 |, (3.9)

_|h__ er

ax3

we get forkC the values

K=F——— f =41 3.10
+ E/c+ mc or ¢ ( )
Additionally the following condition is satisfied

/Vgag,lyn/‘m/‘;,(ppl,n’m: d3X = 8, p, Oy ,mbe,c (3.11)
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In order to calculate they; (2.29) with the perturbation operator (2.18) for
the wave functions (3.1a) with the assumption (2.26) and the approximation (2.27)
we use the cylindric coordinates (3.2b, 3.2c¢), some recursion and integral formulas
for the Laguerre polynomialsg(u) (Abramowitz and Stegun, 1968) and assume
that the wave functiong are normalized irx! direction to the length.. Then we
get after a lengthy but straightforward calculation

27 €2H2¢2 E,— E
Wi = T&S. {TfN (Ni — 1)8n;,N—26m, m.+25<Tf + k>8p1f,p1iihk

E — E;
+ T (Ni + 1)(N; + 2)6Nf,Ni+28mf,m28( Ihc F k)‘spu,pﬂhk}

7 e3H A2 Ei—E T
————5iSi { T Nidn, N —10mm+1 | 48| — “K)s 4
hc? hc i
Pi, Py _ h
+
n +a — 28
Ei —Ef - +a + 28
4eb K8 ) cos
i hC -T— P, Py, +hK E—%ﬁ —(X+2,3
£ P _ k,+2K
+ KoK —a—2f
+k — K
o[ B = Bt +k+K
+ €6 he —k+K ) h(+k — K)
—k—=K J pupu kT K
h(—k — K)
E — Ef o
+ T (Ni 4 1)8ny, Ni+10my, mi—1 45( Ihc 1K>5 -
- plfvpliihK
_ —a+ 2B
Bi — Ef ¢ —a—28
4es K1lé _ 3 cos
+ he AR +o — 28
AL k+2K +a+28
—k+ K
Bi— B k-k
2 i
S| —— ) , 3.12
+ € he +k— K h(— k+§g ( )

+k+ K Pat, Paj hE+k K)
h(+k + K)
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Table I. Combinations of Polarization

Signeys Sign Az
1. Line + +
2. Line +
3. Line -
4. Line — +

with the following abbreviations
E2 -
Sk = [1+ KZ+ (A2 +BD) <C—§ —m2c? — pfk>] , (3.13a)

ﬂr = (Bk + Kr Ak)z- (313b)

In the first brace of (3.12) the upper/lower sign denatg¢s-¢,3 (left/right circular
polarization). In the second brace (3.12) the four lines denote the combinations of
the polarization of the gravitational and electromagnetic waves (Table I). In (3.12)
the abbreviations (3.2) are used and the definition

Nk = N+ Sac = =5 =+ 41N + 24 P (3.14)
k="kT3 hc KR e '

The indicesk andr in the equations (3.13a), (3.13b), and (3.14) are place holders
for the quantum numbers i before the beginning of the perturbation and f after
the perturbation. It is clear from (3.12) that the transition probability consists of
four terms: a pure gravitational term induced by the gravitational wane)(
a pure electromagnetic term induced by the electromagnetic wamé)( a first
mixed term (e A?), and a second mixed term-£2A?). These latter two terms
are the terms of interest since they represent the simultaneous interadbiwif,of
gravitational and electromagnetic, waves with the bound system. The interaction
of an electromagnetic wave alone with a charged patrticle in a constant magnetic
field is well known (Redmond, 1965; Sokolov and Ternov, 1968). The interaction
of a pure gravitational wave with a classical charged particle in a uniform magnetic
field is calculated by Papadopoulos and Esposito (1981).

In reality neither the gravitational wave nor the electromagnetic wave have
sharp frequenciesg = ckg, but a frequency band widthw aroundwg, that is
we have a wave packet with a Fourier spectrum. We assume that the intensities of
the incident waves are constant withiiw and the phases are incoherent. Then we
can substitute

Ei— E
625< he ! + ko) — Ugrav(ko)

167G
C4

1 [(E - E
x/Asz( - :I:ko)dk, (3.15)
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wheree is the amplitude of the gravitational wave amko) is the mean spectral
energy density according to

Ugrav dk = d:Ograv~

Here pgrav is the mean energy density of the gravitational wave field. In the same
manner we substitute

Ei — E 4
A28<'h—c + Ko) N uem(Ko)g

1 E — Ef
—4 + Kg ) dK, 3.16
8 /AK K2 < hc 0) ( )

with
Uem dK = dpem,

wherepem is the mean energy density of the electromagnetic wave field.
For the mixed terms in (3.12) of gravitational and electromagnetic waves we
substitute in an analogous manner

Ei—E 4r [167G
A ——"K|s —/ —
¢ ( he ; ) KR T @V T

k,+2K
k,—2K
—E
“K]$
/Ak/AKkKZ < he 7 ) E:tgﬁ
k,+2K
k,—2K
X /Ugral(K)Uem(K) dk dK (3.17)
and
+k—K
Ei — Ef yk+K 167G 4rn
272 +k +
€“A%S - -
—k+ K 4 2
he —, " ct ¢
+k — K
/' Ei— Ef yk+K
ak AKkZKZ he X+
X UgradK)Uem(K) dk dK. (3.18)

The upper/lower sign in (3.15) and (3.16) denotes again left/right polarization and
the four lines in (3.17) and (3.18) are explained in Table I.
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4, DISCUSSION
4.1. The Various Terms of the Transition Probability
4.1.1. Pure Gravitational Transitions

The first term in (3.12) describes the transitions induced by the gravitational
waves alone. Taking into account the abbreviations (3.14) and (3.2a) we see from
(3.12) that we get transitions in this case only if

Ei— E
3Nf,Ni25< IhC ! + k>3p1f,p1i:thk ?é 0. (4-1)
This is true if
2eH
k=@ og_2°7 (4.2)
c Ei —cpui
In this case we have also
Ei— E
3Nf,Ni+25< Ihc L ¥ k>8plfxp1i:|:hk # 0. (4.3)

(upper/lower sign for left/right circular polarized gravitational waves). If the initial
energyE; and the initial momentunp; of the charged particle in the direction of
propagation of the gravitational wave are set, then the determination of the magnetic
field filters the frequency (4.2) of the gravitational radiation. Only waves with this
frequency cause transitions of the charged particle. In this case the transition
probability is according to (3.12) and (3.15) with the abbreviations (3.13)

3272G #H?
Wi = Ugrav(ko)csikgsfSi{Tif Ni(N;i — 1)8n;, Ni—28my,mi+28 py, pyt hio
+ 7¥I(NI + 1)(N| + 2)8Nf,Ni+28mf,m‘—28p1f,p1iq:hko}a (44)
2eH
ko= F—oot 4.5
FE opn (4.5)

If the resonance condition (4.2) is fulfilled we have, from (4.1) and (4.3), energy
changes ofthck, changes of momentum, of +hk and, from (4.4), changes of
thex* component of the angular momentumde2h.

4.1.2. Pure Electromagnetic Transitions

Transitions caused by the electromagnetic waves alone are described by those
terms in (3.12) which are proportional #?. In analogy to (4.1) we have the
condition for these transitions

Ei — E
afoNi—l(s( IhC f + K>8P1f,p1i:thK # 0. (46)
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This is true only if

Q eH
c E —cpy
In this case we have also
E — Ef
SNp, Ni+10 F K )épy, puehk # 0, (4.8)

(upper/lower sign corresponds to Ieft/rlght circular polarized waves). If the mag-
netic fieldH, the initial energyE;, and the initial momenturp; are set, the filtered
electromagnetic frequency (4.7) is one-half of the filtered gravitational frequency
(4.2) (difference between dipol and quadrupol transitions). The transition proba-
bility according to (3.12) and (3.16) with the abbreviations (3.13) is

1672 eH
Wi = Uem(Ko) ———5—S1Si{ Tt Nidny, Ni—18my,m+18 pyy, puit ko
heik2
+ %i(Ni + 1)8Nf,Ni+18mf,mi715p1f,plinhKo}- (49)
eH
Ko= F——. 4.10
0 E —omn (4.10)

The change of th&! component of the angular momentundi& in contrast to
the gravitationally induced transitions. For the changes of energy, momentum, and
spin flip we have results analogous to the gravitational case.

4.1.3. The First Mixed Term of Gravitational and Electromagnetic Transitions

The first mixed term in (3.12) is proportional ¢&A?. It is obvious that this
term does not vanish in case b= 2K only. The resonance condition is the
same as in the previous case of pure electromagnetic waves, defined by (4.7), that
is, the electromagnetic resonance condition (4r®Jthe gravitational resonance
condition (4.2) have to be fulfilled at the same time. In this case the transition
probability according to (3.12) and (3.17) with the abbreviations (3.13) is

1672 e*H /167G
Wy =

SiSi 3 Tig Nidn,, N—18m;,m +18 +

e “ p1t, pri _ hK
+
+o — 28
+a + 28
X Oz COS| L op /AK / K Kz\/muem(K)
K.-+2K - 28

k,—2K
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E - E
M) i f _K | dk dK+ 75 (Ni + 1)8n;, ni+18my,m—18 -
* plfyplii hK
—a+ 2
—a—28 / f 11
) cos 2 UK
Etgﬁ +o — 28 Ak Jak K Kz\/m em(K)
,+2K
KoK +a +28
E — Ef o .
x 8 Ihc f iK dk dK } + ws; according to (4.9)
+ ws according to (4.4) (4.11)

4.1.4. The Second Mixed Term of Gravitational and Electromagnetic Transitions

The second mixed term in (3.12) is proportionaletoA?. The resonance
condition is

E_E +k—K
i — Bf +k+ K
SNy, N—18 IhC i_ki K |9 h(+k—Kk) # 0. (4.12)
—-k—-K Paf, Pai Rgtti ﬁ;
h(—k — K)
This is true only if
+k—-K
+k+ K eH
=—=—— 4.13
-k + K E — cpyj (4.13)
-k —-K
In this case we have also
—k+ K
Ei—Ef k—K
SN, Ni+18 Ih— Tk—K |9 n(—k+k) 7 0. (4.14)
+k+K Paf, Pai RE;E: 8
h(+k + K)

The four lines correspond to the various polarizations of the circular electromag-
netic and gravitational waves and are explained in Table |. The transition probability
according to (3.12) and (3.18) with the abbreviations (3.13) is

6473G e8H
Wi = Tsfsi Tit NiSne, Ni—16my, m+16 h(+k — K)

h(+k + K
Paf, Pai hgtki Kg

h(—k — K)
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+k - K
11 Ei—Ef yk+kK

X — —Ugrad K)Uem(K) & T dk dK
/AK ak K2 2o he —K+K

+ T5i (Ni + 1)8n;, Ni+18my, m —16 (- + K)
Pur P ik K)
h(+k + K)

—k+K

11 Ei— Ef _k—K
X ——Uu KUuem(K) § | ——— dkdK?}. (4.15
/AK/Akszz graen(K) 5| = KK (4.15)

+k+K

The changes in energy, momentum, angular momentum, and spin orientation cor-
respond to the changes of the pure electromagnetic case; this mixed term represents
a gravitationally induced electromagnetic dipol transition. This term can be used
to amplify electromagnetically the action of the gravitational wave. It may be men-
tioned here that the change of momentpof, for exampleh(k + K) accelerates

the particle inx* direction.

4.2. The Effect Itself

If we want to detect a gravitational wave with a certain frequesady is
obvious from the last section that we can choose a combinati&p, ¢, H, and
frequencyQ2 of the electromagnetic wave so that only (4.13) is satisfied but not
(4.7). This way we can amplify the gravitational wave without having side effects
of transitions induced by the electromagnetic wave without gravitational wave.
In this case we measure transitions only if gravitational waves are present. In
order to estimate the order of magnitude of this effect we introduce the following
definitions

E = (14 x)m&, (4.16a)
hcA = ymé, (4.16b)
whereA is a combination oftk + K. For the sake of simplicity we assume
Pi=0 (4.17)
and we set
S:= TS S
~ TS, (4.18)

a quantity occurringin each term of (3.12). In the following estimations we assume
y<«1, (4.19a)

y L X, (4.19b)
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which is justified for the examples as we will show later. In tremrelativistic
casex « 1, we get for the quantitp in the case of no spin flips

c 2
S~ (—mc2> , (4.20)
With spin flip we have
c \2Yy?
s~ (ma) @ #.21)

In therelativistic case x > 1, we have for the quantit$ in the case of no spin
flips

c\21
and with spin flip
c \2Yy?
s (m_c2> o (4.23)

It is annotated for exact calculations tf&tlepends in all cases on the spin orien-
tation. With (3.14) forlN;, (3.18) for the elimination of the Delta-function, the res-
onance conditions (4.12), (4.13), (4.14), and the estimations (4.20)—(4.23) the
terms ofw;; can be calculated from (3.12) or (4.15), respectively. So we get in the
nonrelativisticcase

1672 e2€2Smx

w]'! e (4.24a)

wit ~ % (4.24b)
and in therelativistic case

wit ~ %{:}im, (4.253)

wit ~ %, (4.25b)

where S, is the energy flux density of the electromagnetic wave anis the
dielectric constant.

4.3. Noise

There are some competing effects which could cover the gravitationally in-
duced transitions. In the following sections we will consider the most important
of them. Instrumental details of the detector are not taken into account.
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4.3.1. Thermal Collisions

We assume a thermal Maxwell distribution of the velocities of the electrons
for the temperatur@. Then we have to estimate two probabilities.

First we have to calculate the probability that the energy increase or decrease
of the electrons due to the thermal distribution is greater than the energy, for
example, increase which we expect from the gravitationally induced transitions.
This probability must be compared with the probability for these gravitationally
induced transitions (and of course should be smaller). The energy difference of
the gravitationally induced transitions according to (4.14) is approximéi@ly
whereQ is the frequency of the electromagnetic wave and the assumption was
made that the frequency of the electromagnetic wave is much greater than the
frequency of the gravitational wave. The corresponding transition probaliity
is (4.15). The probability for electrons with energies greater tifars according
to the well-known Maxwell distribution

1 A
= = (142/22) e 4.26
W= ( + kT) € (4.26)

Second we have to calculate the probability that the energy increase or de-
crease of the electrons due to the thermal distribution is great enough to satisfy
the resonance condition (4.7) for pure electromagnetic waves in the case where
we have tuned the system to fulfill the resonance condition (4.13) for the mixed
term only. The product of this probability, with the transition probability for
the pure electromagnetic case (4.9) must be compared with the probability for the
gravitationally induced transitions;; (4.15) (and of course should be smaller).
We getw, with the Maxwell distribution

1 A A
Wy=—(1+2/= ] e, (4.27)
2 7-[2( kT)

a)Ei
A=——. 4.28
o (4.28)

wisthe frequency of the gravitational wave d@gdhe initial energy of the electron.

with

4.3.2. Synchrotron Radiation

In case of high initial energy of the fermions the effect of synchrotron radiation
will dominate the effect induced by the gravitational wave. The formulae for
transitions caused by synchrotron radiation can be found in Sokolov and Ternov
(1968, Chapter Il). Therefore, if we want to detect the gravitational waves by the
effect presented in this article we have to use nonrelativistic Dirac particles. It is
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remarkable that for energies
E <« Eyp, (4.29)
with

R\ Y2 N
El/zzmc?-(%) . R=yz N=0L.. (4.30)

according to Sokolov and Ternov (1968, Chapter Il, Section 5, Formula 5.19, p. 90)
only transitions without spin flip occur.

For the estimation of the signal-to-noise ratio the transition probabilities in-
duced by synchrotron radiation for both particles with relativistic and nonrelativis-
tic kinetic energies are calculated according to Sokolov and Ternov (1968).

4.3.3. Precision of the Initial Values

The initial values
eH

°TE -

(4.31)

must be precisely fixed in order to satisfy the resonance condition (4.13) for the
gravitational case, butotthe resonance condition (4.7) for pure electromagnetic
waves. This limits the band width Q to

AQ < %’ (4.32)
or
AQ w
o < avs (4.33)

(w, © are frequencies of the gravitational and electromagnetic wave).

4.3.4. Homogeneity of the Magnetic Field

Inhomogeneities of the magnetic field shift in first approximation the energy
according to (3.14)

AE e(H + AH) p2
— =42 —— N+ pu2+ 2 4.34
hc \/ hc TR (4.34)
Therefore, in addition to the condition (4.33) of the previous section which limits
the inhomogneity of the magnetic field for other reasons, the following condition
for AH must be valid in order to avoid energy shifts greater than the expected

energy increase/decrease induced by the gravitational and electromagnetic waves
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of the ordeh( (4.14) (where& is the frequency of the electromagnetic wave and
the assumption hold® > w)

H+ AH 2 H 2
hc\/Z sH+aH) +u2+% < hc\/Z N +u2+%+hsz. (4.35)

hc hc 2
This leads to the condition
AH 2E; + hQ
— < hQ————. 4.36
H E? — m2c* (4.36)

4.3.5. Strong Electromagnetic Waves

In order to amplify the gravitational waves by electromagnetic waves we need
high energy densities of the electromagnetic field because of the extremely small
amplitudes of the expected gravitational waves. Therefore, the terms proportional
A2, €A%, €2A?in (3.12) are no more of the same order of magnitude and, there-
fore, the perturbation calculation is not consistent. For a consistent perturbation
calculation we had to use the exact solution of the Dirac equation for a constant
magnetic fieldandan electromagnetic wave (Redmond, 1965) to calculate the scat-
tering of the gravitational wave. Because of the complexity of the exact solution
an unproportionally high expenditure would be necessary for these calculations.
For strong electromagnetic waves the assumption (2.27) of the perturbation cal-
culation is not true. Therefore, the resonance conditions (4.6) are no more exactly
valid. When the magnetic field and the initial energy of the particle are chosen in
order to satisfy the resonance condition (4.12) for a certain frequency of a elec-
tromagnetic and gravitational wave and thus to generate transitions proportional
€2 A?, this amplification effect could be overlapped by transitions proportiéAal
caused by the strong electromagnetic waves out of the resonance frequency (4.7).
According the calculations of Redmond (1965, p. 1169, Formula 5.32) the ampli-
fication effect can be used for the detection of the gravitational waves better, more
for the functionsR, K, J (formulae 3.10, 3.12, 5.12 of Redmond, 196%&j of the
resonancehe following conditions are satisfied

IRl <1, (4.37a)
K
® < 1, (4.37b)
/h_Hc

e

NEgH (4.37c)

If we assume for the electromagnetic wave

w2

A(a)l, w2, t) ~ A/

w1

a(w)@(—; +£) e do, (4.38)
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these restrictions (4.37) lead to the conditions (the resonance frequegeput
of the interval 1, wy))

eA _ (@07 siny (@07 siny
1> [ Saa@ ( [ = ay- [ Y ay)|, (4392
e (7( A y ) y ) (439

hc eA (@2-00)7 gjny (@007 sjny
_ - —Z dy— —d , 4.39b
o> | Sa@) (/0 Y ay- [ Yay)|, @)

1>

hmc c y c Jo y

& A%a’(w) (w1+a)2 /(wﬁwz)% siny dy—ﬂ T siny dy
0

ch oy hm \me&(wo — o) c

wy @27 sinyd ) c ( e?AHa(w) >2(2a)0—a)1—a)2

(2o—en-w2)3 i - (@o—en3 sjn
y / ydy— wo wl/ y dy
0 y c 0 y

_ (wo—w2) T oi
_ Yoz / © Yy, (4.39¢)
c 0 y

whereuwy is the resonance frequency according to (4.13), (4.15)zaﬁd@. It
was assumed thaiw) is approximately constant in the interval,( ;). There-
fore, the amplification effect is usable in principle if

oT > 1, (4.40)

(& = w1 — wo, w2 — wy, ... according to the upper limit of the integrals in (4.39).
This determines a lower limit for the interaction time of the electromagnetic wave
with the Dirac particle and thus a lower limit for the duration to keep stable the
system of fermions, magnetic field, and electromagnetic wave.

4.3.6. Gravitational Radiation of the Electromagnetic Field

Generally it is not necessary to take into consideration in the linear approxi-
mation of the gravitational field the gravitational radiation of the electromagnetic
field if the energy densitiy of the electromagnetic field does not exceed the mag-
nitude of the energy density of the gravitational wave itself (in this approximation
the gravitational action of the gravitational field is also neglected). But even if the
energy density of the electromagnetic wave is higher than the energy density of
the gravitational wave (with frequeney) it can be determined with the help of
the resonance conditions (4.1), (4.6), and (4.12) which kind of gravitational field
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caused the transitions if the gravitational field induced by the electromagnetic wave
has a different frequenc® (the gravitational field of an electromagnetic wave,
Ketsaris, 1974).

4.3.7. Line Width and Travel Time

The finite life timet of the energy levels of the electron causes, according to
the uncertainty relation, a broadening= of the energy levels

TAE > h. (4.41)

This line width AE must of course be smaller than the energy difference of the
two resonance conditions (4.7) and (4.13) since we want to exclude transitions
induced by pure electromagnetic waves while including those of gravitatowil
electromagnetic waves. Therefore, we want

AE < ho, (4.42)

with o the frequency of the gravitational wave.
On the one hand the finite life time is correlated to the transition
probabilityw
1

r=. (4.43)

As long as the transition probabilities of the competing effects of the previous
sections are smaller than the probability of the gravitationally induced transitions
(4.15) which is necessary for a detection of the effect, the relation (4.42) is valid.

On the other hand the finite life time is limited by the duration of the
measurement or by the travel tirig of the electron. With (4.41) and (4.42) this
leads to a first lower limit foi,

Te > o L (4.44)

But the finite travel time causes violations of the resonance conditions (4.7)
and (4.13) due to the fact that we have to replace the integration with respect
to time from—oo to -+oo by the interval, for examplet, £Jx. Therefore, we
have transitions out of the resonance since the Delta-functions of (3.12) are no
more valid. We must estimate the probabilityy, , for transitions induced by
pure electromagnetic waves while the initial values were chosen to satisfy (4.13).
This out-of-resonance probability which violates the resonance condition (4.6) and
(4.8) by the amount ofiw is greater than zero since due to the finite integration
time T the conditions (4.6) and (4.8) are no more strictly valid. Finally, , must
be compared with the probabilitys; (4.15) for gravitationally induced transitions
and of course must be smaller. This fixes a more serious second lower limit for the
travel timeTy,.
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Table Il. Numerical Values for the Amplification of Gravitational Waves by Electromagnetic Radiation

X Q(Hz) W/m?) (1/s) (L/s) SNR H (Gauss) R(m) 42 A—§ 4H y

106 10° 16 10% 102 «1® 102 102 10° 102 1010 10716
10t3 10° 100 102 10738 «10° 1 10t 103 102 1010 10716
108 109 106 1018 102 >100 10t® 10% 108 107 108 10U
106 108  10% 1018 1017 «10° 10t 10710 101 1010 102 10°8
101 108 10°¢ 10 108 «10° 10® 105 101 1010 106 10°8
10t3 108 10 10715 10% «10° 100 104 101 1010 10711 1078

Note The entries are explained in Section 4.4.

aThis is only a theoretical value. In reality the interaction tinmust be much smaller to be consistent
with the perturbation theory.

bA laser with a power of 1DW is assumed. This power is focused on an area df d®)2.

CA laser with a power of 1DW is assumed. This power is focused on an area &t KL®)2.

dA laser with a power of 1DW is assumed. This power is focused on an area df KL&)2.

4.4. Quantification of the Effect

In Table 1l we give numerical values for some cases of amplification of grav-
itational waves by electromagnetic waves. We assume that the incident electro-
magnetic wave, the gravitational wave, and the magnetic field are parallel and the
waves are approximately monochromatic and circular polarized. For the computa-
tion of the transition probabilitiess; (4.15) of an electron we assume furthermore
(4.17). Forx andy the definitions (4.16) are used. For the gravitational radiation
we assume a wave with frequene@ya, = 10° Hz, an amplitude: = 10-%, and
a pulse timegray = 103 s. A possible source of this gravitational radiation could
be the birth of a neutron star in the Virgo cluster (Schutz, 1987 Table Il is

2Nhc
R = 4.45
V oH (4.45)

the mean radius of the electron in the magnetic fi¢ldv'" orw't respectively are
the transition probabilities without or with spin flip (these values are proportional to
€2). These quantities are in per second and have to be multiplied by the interaction
time tgray to give the transitions is the mean frequency of the electromagnetic
wave, AL is the bandwidth of the electromagnetic wave, &dits energy flux
density per time and surface unit. With

eH

Q= E —cpy (4.46)

AQ indicates the necessary accuracy of keegfhgonstant in order to exclude
transitions (4.9) with the resonance condition (4.7) caused by the pure electro-
magnetic wave with frequenc® while those of the mixed terms (4.15) with
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resonance condition (4.13) and frequefy- w are active.ATH indicates the nec-
essary homogeneity of the magnetic field to detect the energy increase/decrease of
approximatelyh2 of the electrons. The signal-to-noise ratio (SNR) is the ratio of
the transition probability'* induced by the interaction with the electromagnetic
and gravitational wave to the transition probability caused by the competing effects
(noise). Here we have assumed a temperature of KOand a travel time of the
electrons of 10s.

If we want to detect gravitational waves with frequengcywve can choose
several combinations of initial values of the electron endtggnd the frequency
of the electromagnetic wae where inabsencef the gravitational wave neither
the resonance condition (4.13) for mixed terms nor the resonance condition (4.7)
for pure electromagnetic waves is satisfied With incident gravitational waves
the resonance condition (4.13) is fulfilled, dt the resonance condition (4.7).
The latter case for the presence of the gravitational wave then determines the
necessary magnetic field. In case of transition the electron absorbes or emittes
approximately the amouritQ2 of energy. The total absorbed energy is the
difference of the product of the probability for absorbing this amount and the
product of the probability for emitting this amount.

The rows in Table Il show the data for some combinations of initial values
for the energy of the electron (indicated kyaccording (4.16a)), the frequency
Q, and the energy flux densit, of the electromagnetic wave (for lasers and its
data cf. e.g., Brunner and Junge, 1989), where the quantifiésw', H, and
R are calculated from the initial values, and SNR is calculated from the initial
values with respect to the noise effects and the assumptioﬁs—ﬁqa%‘?, and%
are limited by the indicated values. Furthermore, we assume for the SNR.that
does vary less than 1% (photon shot noise is far below this ligi.shown in
the table to demonstrate the validity of (4.19a) and (4.19b).

The acceleration of the electronsxh direction is for all rows

ap = 2E (4.47)
c
whereAE is the energy absorbed by the electron from the waves.

Row 3 of Table Il indicates the combination of electron initial energy, fre-
quency and power of the amplifying electromagnetic wave, and signal-to-noise
ratio where the detection of gravitational waves could be possible. The SNR in
this case is slightly better than the SNR of LIGO Il or LISA in the gravitational
wave frequency range of $®z. In all other cases the noise mainly by thermal
collisions according to (4.26) and (4.27) predominates the effect.

Of course for the high energies of the electromagnetic field used in the ex-
amples of Table Il we had to consider higher orders of the electromagnetic wave
amplitudeA in the perturbation calculation to be consistent with the order of mag-
nitude of the gravitational wave (for the highest energies in Table Il we had to go
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up to the 10th order of the electromagnetic terms), but for a suited choice of the
frequencies?, w, and the magnetic fielt all these additional frequencies do not
satisfy the resonance condition.

4.5. Generalization of the Effect

First we see from (4.24) and (4.25) that the effect is proportionefl.tbhere-
fore, instead of electrons heavy ions could be examined with respect to their
suitability for the detection of gravitational waves.

Second when we have electromagnaticl gravitational waves the structure
of the generalized Dirac equation (2.13) implies always mixed terms of combina-
tions of the frequencies and amplitudes of both waves in the transition probability.
Therefore, whenever we have a bound system with resonance effects when inter-
acting with a electromagnetic wave, this system in principle can be used for the
detection of gravitational waves because of the occurrencritiiplicativeterms
of theamplitudef the electromagnetic and gravitational waves andiifierent
resonance conditions for the pure electromagnetic wave and the mixture of elec-
tromagnetic and gravitational wave. In all these cases the parameters of the bound
system can be chosen so that resonance will only occur in the presence of both a
gravitational and the electromagnetic wave but not in the case of absence of the
gravitational wave.

For example, the bound system of electrons in an atom could be taken into
account for the detection of gravitational waves. Besides the well-known resonance
frequencies for the excitation of the electrons by electromagnetic waves there are
slightly different resonance frequencies in the presence of electromagnetic
gravitational waves and the transition probabilities for these resonance conditions
are proportional to the product of the amplitudes of both waves. Of course the
line broadening of the electron levels will complicate the experimental prove of
the existence of gravitational waves with this effect, but in principle this or other
bound systems can be checked for their suitability for a detection of gravitational
waves on earth.

5. CONCLUSION

A bound system of Dirac particles interacting with a plane gravitational and
electromagnetic wave has resonances corresponding to the frequency of the elec-
tromagnetic wave alone, to the frequency of the gravitational wave alone, and to
a combination of the frequencies of both waves. The resonance effect for the lat-
ter case is proportional to the product of the strength of the two fields. A suited
combination of the parameters of the bound system and the frequencies of the two
waves allows to select only this resonance case.

We have exemplified this effect in the previous sections for the bound sys-
tem of an electron moving in a constant magnetic field which interacts with
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monochromatic circular polarized plane electromagnetic and gravitational waves.
The quantification of the effect for a gravitational wave generated, for example, by
the birth of a neutron star in a neighbouring galaxy amplified by an electromagnetic
wave allows for a suited choice of the parameters as shown in Table Il in principle
the detection of the gravitational wave. The SNR for a gravitational frequency
range of 18 Hz is slightly better than that of LIGO Il and LISA in this range. The
relation of the transition probabilitwriemgrav) in Case of the presence of both
waves to the transition probabilityrigrav) Caused by the gravitational wave alone

is proportional to the quotient of the energy flux density of the electromagnetic
wave and the product of the magnetic fie¢ddand the square of the frequen@y

of the electromagnetic wave

Wriem+grav) Sm
Wri(grav) HQ?

(5.1)

Of course it is mentioned that competing effects may impede an experimental
result.

The calculations in this article rely on weak gravitational waves. It can be
assumed that in regions of the universe with strong electromagnetic \&ades
strong gravitational waves and suited magnetic fields the occurrence of terms with
the product of the amplitudes of both waves in the Dirac equation (2.16) plays
an important part for the acceleration of charged particles. But this case which is
beyond the perturbation calculation is for further research.
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